Abstract. Gelfand-Shilov spaces of the type S 
in order that
, where 1 2 ≤ α ≤ β (resp. 1/2 < α ≤ β), it follows that α = β. Furthermore we characterize spaces of the type S 
Introduction
Gelfand-Shilov spaces S α (R d ), S β (R d ) and S β α (R d ) and their generalisations, the Gelfand-Shilov spaces of Roumieau and Beuerling type S {Mp} (R d ) respectivly S (Mp) (R d ) are discussed in [2] , [3] , [4] , [6] , [7] , [9] , [10] , [11] and [12] . In this paper we focus on the special cases S β α (R d ), resp.,
We show that if the Hermite expansion a k Ψ k converges to f (here Ψ k denote the d-dimensional Hermite functions and a k the Hermite coefficients of f ) in the sense of S β α (R d ) (α < β), resp., β β (R t )). In the last part of the paper we introduce one more class of Gelfand-Shilov type spaces S ⊗,σ σ (R n ), σ ≥ 1/2, and Σ ⊗,σ σ (R n ), σ > 1/2. These spaces were obtained through the iteration of Harmonic oscilators and are related to our study of Weyl formula for tensorised products of elliptic Shubin type operators (see [1] ). We compare all the considered spaces through the estimates of Hermite coefficients.
Notation and basic notions
In this paper we use the following notation: Let j, p, q ∈ N d 0 and α, β ∈ R + , we have
and the analogoues forβ . Similarly for x ∈ R d we have
We want to recall a few definitions and facts corresponding to the spaces of type S 1. The Gelfand-Shilov space of type S α,A (R d ) is defined as follows:
2. The Gelfand-Shilov space of type S β,B (R d ) is defined as follows:
3. The Gelfand-Shilov space of type S β,B α,A (R d ) is defined as follows:
Their inductive and projective limits are denoted by:
These spaces are subspaces of the Schwartz space
Note that the space S
The polynomials
are the Hermite polynomials. The one-dimensional Hermite functions ψ k are given by
Then the following holds:
This result was obtained by Kashpirovskii [5] and later by other authors, cf [2] . In addition it holds
We define the spaces of the Hermite coefficients of S
there exists t > 0 :
for all t > 0 :
The following lemma was proven in [2] and [7] .
) and the space of the Hermite coefficients, denoted s α α (resp.s
, is a topolocical isomorphism.
The Hermite representation of S
Theorem 2.1. If for every f = a k Ψ k ∈ X, there exist positive constants C f , c f and s f s.t.
then (2.1) (resp. (2.2)) is true for
In particular, this implies
Proof. For the sake of simplicity we will only prove the case of X ⊂ S Let f ∈ X, i.e. f has a convergent Hermite expansion in S β α (R). This implies by lemma 1.2, that f has a convergent Hermite expansion in the spaces S α (R) and
and S β (R), i.e. for A > 0:
a)
where F is the Fourier transform. Thus we have
Therefore we only have to consider case a). Note, by a) with M = N , for every ε > 0 there exists N 0 (ε) such that:
uniformly in p ∈ N 0 . We use the well known fact ([10, eq. 1.8]), that
and by the use of L 2 -norm and Parseval's formula, we obtain by induction that for all k, p ∈ N 0
for suitable C > 0. Now suppose that the assertion is not true which implies that there exists a function f = ∞ k=0 a k ψ k ∈ X such that, for a subsequence a kj kj ∈N0 of a k k∈N0 , it holds
where r(k j ) kj ∈N0 is a sequence of positive numbers not bounded from below by a c > 0. Reformulating the quoted facts, if (2.1) does not hold, then there exists
with k ∈ N 0 (2.5) and r(k) → 0 as k → ∞.
Therefore, (2.3) and (2.4) give, for large enough N ,
uniformly in p ∈ N 0 . Now we use the inequality
which holds for suitable H > 0. Thus (2.6) and (2.7) imply that for N large enough
and this is not true since (−c f r(N ) + H)N 1 2α → ∞ N → ∞. This completes the proof.
Tensorised Gelfand-Shilov spaces
In the following we will use the following notation. Let s, t ∈ N, s. t. s + t = d. Therefore we write for x ∈ R s+t = R d : x = (x 1 , x 2 ) = (x 1 , . . . , x s , x s+1 . . . , x s+t ) and similarly for p ∈ N s+t 0 : p = (p 1 , p 2 ) = (p 1 , . . . , p s , p s+1 . . . , p s+t ). In addition we put m, k, q ∈ N d 0 accordingly. As a consequence of inequalities proved by Kahspirovskij, Pilipovic and others we have the following proposition.
where, for j = 1, . . . , d
where for i = 1, . . . , d 
The next proposition is formulated in the simple form so that it can be used for the characterization of new Gelfand-Shilov type spaces. Theorem 3.3. Let 1/2 ≤ ν < µ and s, t ∈ N 0 such that s + t = d.
. If for some A > 0 and some C > 0 (resp. for every A > 0 there exists C > 0) such that
there exist constants C > 0 and δ > 0 (respectively, for every δ > 0 there exists a C > 0) such that
2) for some C > 0 and δ > 0 (respectively, for every δ > 0 there exists C > 0), then f ∈ C ∞ (R s+t ) and (3.1) holds with some A > 0 and C > 0 (respectively, for every A > 0 there exists C > 0).
Proof. Assume (3.1) to hold as well as that
There exists a constant C > 0 such that
This implies, using
and with new constants
Thus, with suitable C > 0 and δ > 0,
We have
Therefore we get with
]. There exists a constant C such that 
We conclude that
By the Fourier transformation, we have
where
This implies that (3.1) holds.
The inclusions are strict and continuous.
Proof. The inclusions are obviously continuous. The statement that the inclusions are strict follows straightforward from Theorems 2.1 and 3.3.
Moreover it is clear that Σ 4. Gelfand-Shilov type spaces related to the tensorised harmonic oscillators on R d
We introduce one more class of Gevrey Gelfand-Shilov-type spaces.
where the a m m∈N d 0 are the Hermite coefficients of f (cf. (1.1) ). Let where σ ≥ 1/2, resp., σ > 1/2.
, there exist C, ε > 0, resp. for every ε > 0 there exists C > 0 such that
where σ ≥ 1/2, resp., σ > 1/2. resp.,
The inclussions are strict.
Remark 4.4. The relation with the Gelfan-Shilov tensor-type spaces are clear.
